In this paper we study the average L 2α -norm over T -polynomials, where α is a positive integer. More precisely, we present an explicit formula for the average L 2α -norm over all the polynomials of degree exactly n with coefficients in T , where T is a finite set of complex numbers, α is a positive integer, and n ≥ 0. In particular, we give a complete answer for the cases of Littlewood polynomials and polynomials of a given height. As a consequence, we derive all the previously known results for this kind of problems, as well as many new results.
Introduction
The set of polynomials with special coefficients has given much attention and there are a number of research old questions concerning it. Erdös and Szekere; Hilbert; Littlewood; Prouhet, Tarry, and Escott, are suggested a number of these questions (see [B3, ). For example, Prouhet, Trray, and Escott they asked to find a polynomial with integer coefficients that is divisible by (z − 1) n and has smallest sum of the absolute values of the coefficients, and Erdös and Szekere they asked to find the minimum of || n j=1 (1 − z aj )|| ∞ where the a j are positive integers, for given n. The problem to find the maximum and the minimum norms of polynomials with special coefficients is a specific old and difficult problem. In the L 4 -norm this problem is often called Golay's "Merit Factor" problem. In the supremum norm this problem is due to Littlewood. These problems are at least fifty years old and neither solved. In this paper we interested in the following problem (for particular cases see [B3, page 35] ): Find the average L 2α -norm over polynomials of degree exactly n with coefficients in a given finite set T , where α is a positive integer. In this paper, we find a complete answer for this problem.
Let T = {x 1 , x 2 , . . . , x d } be any finite set of complex numbers. A polynomial p(z) = a n z n +· · ·+a 1 z+a 0 is said to be T -polynomial if a i ∈ T for all i, 0 ≤ i ≤ n. We denote by T T (n) the set of all T -polynomials of degree exactly n. For example, if T = {0, 1, 2} then the set of T -polynomials of degree exactly 1 is given by T T (1) = {z, 2z, z + 1, 2z + 1, z + 2, 2z + 2}. The cardinality of this set, T T (n), is denoted by N T (n). Clearly, for all n ≥ 0,
n+1 , 0 ∈ T and n ≥ 1, (d − 1)d n , 0 ∈ T and n ≥ 1, d, n = 0.
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Let p(z) be any T -polynomial of degree exactly n. For any positive integer α, the L α -norm on the boundary of the unit disk is defined by
Let f, g, h be any three real R-polynomials, the (f, g, h)-average over T -polynomials of degree exactly n is defined by
for any n ≥ 1. We denote by e T (n, s, t, m) the (z s , z t , z m )-average over T -polynomials of degree exactly n, where m ∈ Z and s, t, n ≥ 0.
We define the average L α -norm over T -polynomials of degree exactly n by
for any positive integer α. For α = 0 we define µ 0 T (n) = 1 for all n ≥ 1. Ones can asked to find an explicit formula for µ 2α T (n), where T is a finite set of complex numbers and α is a positive integer (for particular cases, see the research problem in [B3, Page 35] ). While the cases of Littlewood polynomials and polynomials of height h have attracted much attention (for example, see [B3, BC, NB] ), the case of other sets T . The case of T = {−1, 1}, Littlewood polynomials, considered by several authors as follows. In 1990, Newman and Byrnes [NB] found µ 4 {−1,1} (n) = 2n 2 + 3n + 1. In 2002, Borwein and Choi [BC] they proved
In the case T = {−1, 0, 1}, polynomials of height 1, Browein [B2] proved µ
In this paper we suggest a general approach to study the average L 2α -norm over T -polynomials of degree exactly n, for any positive integer α and any finite set T of complex numbers, which allows one to get an explicit expression for µ 2α T (n). More precisely, we find an explicit expression to the generating function for the sequence {e T (n; s, t, m)} m,n,s,t . Using this generating function we get an explicit expression for e T (n; s, t, m) in general, and µ 2α T (n) = e T (n, α, α, 0) in particular, where m ∈ Z, s, t, n ≥ 0, α is a positive integer, and T is a finite set of complex numbers. As a consequence, we derive all the previously known results for this kind of problems, as well as many new results.
The main result of this paper can be formulated as follows. We denote by e T (x, u, v, w) the generating function for the sequence {e T (n, s, t, m)} n,s,t,m , that is,
Theorem 1.1. Let T = {x 1 , x 2 , . . . , x d } be a finite set of complex numbers. Then the generating function e T (x, u, v, w) is given by
Moreover, e T (n, s, t, m) is given by
.
Using Theorem 1.1 we get an explicit expression for the average L 2α -norm over T -polynomials of degree exactly n, namely µ 2α T . Corollary 1.2. Let T = {x 1 , x 2 , . . . , x d } be a finite set of complex numbers. Then the average L 2α -norm over T -polynomials of degree exactly n, namely µ 2α T (n), is given by
Proof. Applying Theorem 1.1 and the identity e T (n, α, α, 0) = µ 2α T (n) we get the desired result.
The paper is organized as follows. The proof of our main result, Theorem 1.1, is presented in Section 2. In section 3 we present a general application for our results. In particular, we give an explicit formulas up to α = 4 where the sum of elements the set T is 0 (as in the case of Littlewood polynomials and polynomials of height h). In Section 4 we apply our main result for ceratin sets T , which allows us to get more details in the cases of Littlewood polynomials and polynomials of height 1. Finally, in Section 5 we suggest several directions to generalize the results of the previous sections.
Proofs
Let us start by introduce the quantity that plays the crucial role in the proof of Theorem 1.1.
Theorem 2.1. Let T = {x 1 , x 2 , . . . , x d } be a set of complex numbers, n ≥ 1, m any integer, and s, t ≥ 0. Then
, where p(z) is the conjugate polynomial of the polynomial p(z) ∈ T T (n). Since for any T -polynomial p(z) ∈ T T (n) there exists an unique polynomial q ∈ T T (n − 1) and exists j,
Therefore, using Definition 1 we get the desired result.
To present Recurrence 3 in terms of generating functions we need the following lemma. 
Proof. By definitions we have
n r x r we get
Remark 2.3. Lemma 2.2 can be generalized as follows. Let
be a generating function with k variables. Then
Now we are ready to prove our main result, namely Theorem 1.1.
Theorem 2.4. Let T = {x 1 , x 2 , . . . , x d } be a finite set of complex numbers. Then the generating function e T (x, v, u, w) is given by
Proof. If multiplying Equation 3 by x n u s v t w m , and summing over all m ∈ Z, s, t ≥ 0, and n ≥ 1, together with using Lemma 2.2, then we arrive to
On the other hand, by definitions we have that e T (0, s, t, m) = 
Therefore, by combining the above two equations we get that
An infinite number of applications of this identity concludes the proof.
Remark 2.5. Theorem 2.4 yields the generating function e T (x, u, v, w) is symmetric under the trans-
Theorem 2.4 can be presented as follows.
Corollary 2.6. Let T = {x 1 , x 2 , . . . , x d } be a finite set of complex numbers. Then the generating function e T (x, v, u, w) is given by
Proof. Using Theorem 2.4 we get that the generating function e T (x, v, u, w) is given by
..,jn=1 s,t≥0
the rest is easy to check by the identity (a 1 + . . . + a n ) s = k1+···+kn=s s k1,...,kn n j=1 a kj j .
Let us denote by µ α T (x) the generating function for the sequence {µ
n . Corollary 1.2 gives a complete answer to find the generating function µ 2α T (x) for any given a finite set T and a positive integer α.
Example 2.7. Using Corollary 1.2 for α = 1 we get that
In particular, we have that µ {−1,1} (n; 2) = n + 1, and µ {−1,0,1} (n; 2) = 2 3 (n + 1).
Corollary 1.2 provide a finite algorithm for finding the average µ 2α T (n) where n, T , and α are given. This algorithm has been implemented in MAPLE, and yields explicit results for given n, T , and α (see the tables below). 
Exact formulas
Corollary 1.2 provide a close formula for finding the average L 2α -norm over T -polynomials of degree exactly n for any given n ≥ 0 and α ≥ 1. Remark 2.8 yields that the problem to find exact formula for µ 2α T (n) with given only α ≥ 1 it is a hard problem by using Corollary 1.2. Thus, we suggest here another approach to find an explicit formula for µ 2α T (n). For any s, t ≥ 0, we define
Now let us consider Equation 4
. This equation provide a finite algorithm, µ-algorithm, for finding e T (n, s, t, m) in general, and µ 2α T (n) in particular, since s! t! e T (n, s, t, m) is the coefficient of w m x n in the (s + t)-derivative of the generating function e T (x, u, v, w) with respect to u s and then with respect v t at u = v = 0, namely e s,t T (x, w), and µ 2α T (n) = e T (n; α, α, 0). Therefore, the µ-algorithm with input α and output µ 2α T (x) can be constructed as follows:
(1) Apply the derivative operator with respect u s and then with respect v t on Equation 4 for all s, t, where 0 ≤ s, t ≤ α. This algorithm has been implemented in MAPLE , and yields explicit results for given α. Below we present several explicit calculations.
3.1. Formula for µ 2 T (n). Let us start by apply the µ-algorithm for α = 1. The first step of the µ-algorithm gives 
and e 1,1
Therefore, the third step of the µ-algorithm gives µ 2 T (x), which is the free coefficient of w in e 1,1
T (x, w). Hence, we get the following result.
Corollary 3.1. We have
Moreover, for all n ≥ 0,
For example, in the case of Littlewood polynomials, namely T = {−1, 1}, we have that µ 2 T (n) = n + 1, and in the case of polynomials of height h, namely, T = {−h, −h + 1, . . . , h − 1, h}, we have that µ
(n + 1).
Formula for µ
4 T (n). Again, using the µ-algorithm for α = 2 we get that e
Solving this linear system in e s,t T where 0 ≤ s, t ≤ 2, we get an explicit expression for e 2,2 T (x, w) (it is long to present here). Using this expression we find the free coefficient w of e 2,2 T (x, w), hence we get the following result.
Corollary 3.2. We have
For example, in the case of Littlewood polynomials we have that µ 4 {−1,1} (n) = 2n 2 + 3n + 1, and in the case of polynomials of height h we get that 
We have two remarks. The first one is the algorithm more easy to run under the condition of A 
Applications
In this section we discus a particular cases of Theorem 1.1 and Corollary 1.2. More precisely, we apply Corollary 1.2 for ceratin finite sets of complex numbers (special real numbers), and then we present an explicit formulas for µ .
Using Lemma 4.1 we quickly generate the numbers µ α {−1,1} (n); the first few of these numbers are given in Table 1. On the other hand, if applying Equation 4 for T = {−1, 1} we get that 
4.3. Polynomials with coefficients 0, 1. Here we suggest another case, the case of polynomials with coefficients 0, 1, which allows us to find explicit formulas for µ 2α {0,1} (n). Using Lemma 4.1 we quickly generate the numbers µ α {0,1} (n); the first few of these numbers are given in Table 3 . where i 2 = −1.
Further results
In this section we suggest several directions to generalize the results of the previous sections.
5.1. Average norms of T -polynomials with weights. The first of these directions is to obtain an exact formula for the average L 2α -norm over T -polynomials of degree exactly n with weight z m for given α, n, and m. Let us define, T (n; m) for any α > 0, n ≥ 0, and m ∈ Z. We can give a complete answer for this problem by using Theorem 1.1 and the definitions. For example, the following result is true. (a−1)(ra−ta) d n .
